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• i-H ■ By comparing expressions for degenerated curves, we show that combining two semi-modular forms from the two 

different ansatze for the chiral superstring measure in genus 5 yields a form that is not contained in either ansatz. 
We use this form to construct a modified ansatz for genus 5. By calculating the resulting two-point function for 
genus 4 and the cosmological constant in genus 5 we show that for our modified ansatz, both of them vanish as 
required. Thus, we solve the problem posed in a recent paper by Matone and Volpato. Last, we show that from the 
currently known forms we cannot construct an ansatz for genus 6 that satisfies all requirements. 



1 Introduction 



In perturbative string theory scattering amplitudes can be represented as integrals over the moduli space of Riemann 
surfaces A4 g with respect to a certain measure. Therefore, this string measure is one of its main ingredients. In the 
case of NSR superstring theory, for every genus a set of measures is needed, which correspond to theta characteristics: 
vectors containing a zero or one for each out of the 2g non-contractable cycles, up to homotopy, on the Riemann 
surface. 

'Corresponding author. 
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Constructing these superstring measures directly has proven to be exceedingly difficult, and it took many years until 
in 2002 the genus 2 measure was found, in the papers pQ by E. D'Hoker and D. Phong. Another approach has surfaced 
recently, where instead of explicit calculation, ansatze were made based on supposed requirements for the measure. 

It has been conjectured [2] that the NSR measures dfi[e] can be written as a product of the Mumford measure for 
the critical bosonic string djj, and for each characteristic a semi- modular form E[e] of weight 8 on the Siegel upper 
half-space: 



In genus g < 3 it is known that this is in fact the case, but in general for higher genera it is not known a priori 
whether a suitable form can be constructed, even if the form is only defined on the subspace of period matrices inside 
the Siegel upper half-space. The closure of the subspace of period matrices is called the Jacobian locus and it has 
nonzero codimension from genus 4 on. All definitions can be found in section [2j 

The conditions to which the measures, if the above conjecture holds, must conform are the following: 

a) The forms E[e] are semi-modular forms of weight 8 when restricted to the Jacobian locus. 

b) When the Riemann surface degenerates to a disjunct union of lower-genus surfaces, the forms factorize into a 



c) The trace (the cosmological constant) should vanish, i.e. X]e^[ e ] = 0- Also, the trace of the 1 , . . . , 3-point 
functions X^e^«[e] should vanish, cf. [3]. 

d) In genus 1 and 2 the ansatz should conform to the known answers. 

Two sets of ansatze were proposed: one in terms of theta series for 16-dimension self-dual lattices by M. Oura, C. 
Poor,R. Salvati Manni and D. Yuen (OPSMY) in [3], and one in terms of summations of powers of products of 
ordinary theta constants, which was originally suggested by S.L. Cacciatori, F. Dalla Piazza and B. van Geemen in 
[5] and written in its final and elegant form by S. Grushevsky in [6j. These have been shown to coincide for genus 
g < 4 and, in fact, to be the unique measures constructed in the above way that conform to all requirements for these 
genera. 

As shown by S. Grushevsky and R. Salvati Manni in [7], the genus 5 cosmological constant did not vanish for these 
ansatze. This problem with the cosmological constant was solved by OPSMY and Grushevsky by modifying the genus 
5 ansatze. However, it was shown by M. Matone and R. Volpato in [8] that the genus 4 two-point function obtained 
by degeneration from the modified genus 5 ansatze does not vanish, contrary to the above requirements. 

A natural question, then, became whether these ansatze do in fact coincide for genus g = 5 and if not, what can be 
done by combining their building blocks. 

The paper [9] compares the semi-modular forms Gp and , from which the Grushevsky and OPSMY ansatze were 
constructed. For all but one p (where < p < 7) it was shown that $p was expressible through the g[ 9 \ for all 
genera. For genus 5 and above, however, the question remained open whether G^ and #g agree on the Jacobian 
locus. 

Results In the present paper (at the end of section [3]) we show that in fact, for genus g > 5, on the Jacobian locus, 
G { g 9) and 4 9) do not agree. We use the fact that - Gf } is nonzero on the Jacobian locus to present a modified 



dfj,[e] = E[e]dfi. 



(1.1) 
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s - - 222647008 up - m + 77245568 r# - ^ i . (1.2) 



?emis 5 ansatz, 

^ ''-'opsmy ^[7 V^ 6 — 1/7 y ~ l Pr V" 5 ~~ ^ 5 

We prove the vanishing of both the genus 5 cosmological constant and the genus 4 two-point function, obtained from 
degeneration, for this modified ansatz. Then, we look at the situation in genus 6. We show that it is not possible to 
construct a genus 6 ansatz from the currently known forms that satisfies all properties. To be precise, condition c) 
cannot be satisfied. 



Structure of the present paper The paper is organized as follows: in section [2] we define the semi- modular forms 
used in the OPSMY and Grushevsky ansatze and list the known relations between those sets of forms. In section 
[3] we expand $ 5 — in a perturbative series by contracting one handle of the curves and show that this series 
does not vanish on the entire Jacobian locus, which means is nonzero there. In section H] we calculate the 

trace (the summation ^ e f[e] over even characteristics) of this function. We need this to prove that the cosmological 

constant for our modified ansatz in genus 5 vanishes. In section [5] we compare i?g 5 ^ — Gg with other semi-modular 
forms to show it is not equal to one of the already known forms. In section [6] we look at the two-point function in 
genus 4 obtained by degenerating the genus 5 ansatz ^qpsmy + c (^6^ ~~ ^T^J + ^ (^5^ ~~ by the method 

used in [8]. We show that this, together with the condition of vanishing genus 5 cosmological constant leads to our 
main formula fj6.23[) : a unique ansatz built from the known semi- modular forms in genus 5. In section [7] we discuss 
the factorization property for any genus 6 ansatz implied by our proposed modification for genus 5. We show that it 
cannot be satisfied using only the known forms. Finally, in section [8] we briefly summarize our results. 



2 Definitions: the semi-modular forms from OPSMY and Grushevsky 



The superstring ansatze are composed of linear combinations of semi-modular forms of weight 8 on the Jacobian 
locus. Here, we will define the relevant concepts. 

Let Tig be the Siegel upper half-space, i.e. the set of complex symmetric g x ^-matrices for which the imaginary 
part is positive definite. Let Sp(2g, Z) be the symplectic group of degree 2g over Z, here called the modular group 
T g . The modular group acts on the Siegel upper half-space through modular transformations, defined as follows: let 

7 = ( C D ) € Tg ' Then ' 

7 or := (At + B)(Ct + D)-\ ren g (2.1) 

Hence we can also define an action on functions on the Siegel upper half-space. The action is defined as follows, for 
a given k: 

U\ kl ){r) := det(Cr + D)~ k f (7 o r) . (2.2) 



Theta characteristics are elements of F^ 9 ^ which we will write as e or as [^] , where 5, e £ Fg; see the introduction. 
We will often regard theta characteristics as vectors in C 2g , sending the unit of F2 to and the other element to 1. 

The theta characteristics are called even (resp. odd) if ]Ci^ e « is even (resp. odd). 



There is a natural set of subgroups of the modular group, corresponding to the theta characteristics: let 7 e G T g be 
di&e,(A T C) 1 

)r>Tn\ = e ' an< ^ ^ 2) s be the subgroup of the modular group for which the diagonals of AB T 
CLiag(^-D L) j 



such that 
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and CD T contain only even elements. Then, define T[e] 5 := 7 e r(l,2) s 7 e 1 . This definition does not depend on the 
particular choice of 7 e , because any two such elements 7 e and % are conjugated by an element of T(l, 2) g . 

A holomorphic function / on the Siegel upper half-space is called a semi-modular form of weight k if the following 
holds: 

V 7 € T[e] g , (f\ kl ) = f. (2.3) 



Let C be a Riemann surface of genus g. Let us pick a basis for the homology group H±(C, Z). Then we have the 
period matrix r G W 9 of C; for details, we refer to [10]. The period matrix induces a map Ai g — > 7i g /T g , where .A/f g 
is the moduli space of Riemann surfaces of genus g. We will write u>i for the ith holomorphic differential in the basis 
corresponding to the period matrix. Also, we use the Abel-Jacobi map A, constructed from the same basis mentioned 
above, and we will write A pq := A(p) — A(q). 

The OPSMY ansatz from [3] is constructed using lattice theta series, defined as follows for any lattice A C M n : 

0%\t):= ^ e^.i 7 **™ (2.4) 
pi,...,p 9 sA 

The theta series of self-dual 8n-dimensional lattices provide us with semi-modular forms of weight 4n, which are in 
addition modular with respect to the entire group T g if the lattice is even. 

There are 8 self-dual lattices of dimension 16, the theta series of which we will write in shorthand as follows, in line 
with [9J, 



Notation 


Lattice 


Glueing vectors 


Notation 


Lattice 


Glueing vectors 


0o 






04 


Z®Af 5 


\4 1 4 jil5 1 2 /' V4 ' 4 / 


01 


z 8 e£ 8 




05 


(D 8 © D 8 ) + 




02 


Z 4 © D+ 2 


(o 4 , H 


06 


E S ®E 8 




03 


1? © {E 7 © E 7 ) + 


(I'o 3' 2 l e 

U ' 4 ' 4 ' 4 > 


07 


Dt 6 





The Grushevsky ansatz, from [6J, is instead built using Riemann theta functions, defined as follows for a theta 
characteristic e = [j?] , here regarded as a vector in C 2g , 

$ [f] & t) := g exp jm (n + U^j r (n + ^ + 2™ (n + ^ + ^ H . (2.5) 

Riemann theta functions for z = are called Riemann theta constants. The Riemann theta constants of odd 
characteristics are zero for any r £H g . We will write e :=0 [f] (0, r). 

The semi-modular forms used in [6] are defined as follows. Let V C F^ 9 ^ be a set of characteristics in genus g. Then, 
we define 

P{V):=J\e e . (2.6) 

Now, define to be the set of all p-dimensional subspaces of ¥^ 9 \ Then, we define the Grushevsky forms 
{G { p 9 \ < p < g G Z} as follows: 
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Note that this notation differs from that in [9] as follows: 

2 4-p 



\ i=l / eij ... jepe Ff s) \eespan{ei,...,e p } / 

ei,...,e p lin.ind. 

(taken to be 1 for p = 0) . 

From [9] we have several equalities between lattice theta series and Riemann theta constants, in our notation less 
elegantly written 



fc(fc + 2(g-p) + l) 
i 2 

k=0 \i=l i=l 



p-k \ 1 



G ( p9 ) = J2(~l) k+P ■ 2 — ■ ( H(2* - 1) J](2- - 1) ) P = 0,...,4 (2. 



where nf=i(^ 1 ~~ 1) is taken to be 1 for k = 0. 
We will throughout the paper denote 

f (g) := _ q{9) (2.io) 

jCff) tfjff). (2.11) 

It was shown in [9] that vanishes on the Jacobian locus J g for g < 4. In the present paper we show that 
does not vanish on J§. 



3 Degeneration 

(5) (5) 

The conjecture which we in this section investigate and disprove, is whether G\ and d\ agree on the Jacobian 
locus J7g. 

(5) (5) 

If it were to be the case that G\ = d\ on then also on the closure, and in particular on genus 4 degenerations. 
But we show that the latter is not the case. 

(5) (5) 

To achieve this, we express G^' and for genus 5 surfaces that degenerate by pinching one of the handles, in the 
way used in [7], originally from |llj . and show that these expressions do not agree on J§. 

More precisely, we will take a 1-parameter family of Riemann surfaces C s C M5, with parameter s, which degenerates 
to a genus 4 surface C with two indistinguishable marked points p and q, inside the boundary divisor 5o C M.^. The 
points p and q are the endpoints of the cusps that used to be the now-pinched handle. 

Namely, following [7J, we take such a family of surfaces that their period matrices t s have the following form: 

_/ A z \ = f lns + cx + c 2 s A t pq + \s(uj(p) -uj(q)Y 
\ z l t J \ A pq + \s{uj{p) - u(q)) TQ + SU 

for some constants c\ and C2, where tq is the period matrix of Cq and 

<Tij := - (uji(p) - uji(q)) (ujj(p) - ujj(q)) , i,j < 4. 
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Define, for legibility, 

q := e 2niX . (3.2) 
(5) (5) 

Now, if we obtain the Fourier-Jacobi expansions of G£ J and i?£ , 

we can use this to express the forms evaluated in r s 
as series in s. That is, for anyz function / on J§ that is holomorphic on a neighbourhood of the curve {t s } C J7s, if 

f(Ts)=fo(T) + qh(T,z)+0( q 2 ) (3.3) 

we have 

f(T s ) = f (r ) + s (^2^1a lj (p, q ) + f 1 (T,z) ] j + 0(s 2 ). (3.4) 

We will express the first terms above in a Taylor series. We take for a local chart x the parameter u = x{p) — x(u) 
near u = and calculate 



and therefore, if §| and d JJ z ) 0zk vanish, 

tt i w t ( \ _i_ V" ( 2 d2 h t \ / \ ^ d fo f u2 duJ i(.P) duj j(p) , u 3 d 2 u i {p)du j (p) \ 4 \ 2 

(3.6) 

These series for Gg and i? 5 5 \ then, can finally be shown to disagree, by an argument used in [TJ. 
3.1 The expansion of Gg 

(5) (5) ■ (5) 

To determine the degeneration of G\ and $ 5 we will here take the Fourier-Jacobi expansion of G\ , obtaining the 

analogue of (|3.3p . That is, we will express Gg (t s ) in the limit A — > 00. Also, we will calculate q z ^q z . where hi stands 

(5) 

for the g-linear term in the Fourier-Jacobi expansion of G 5 ■ 



3.1.1 Expanding P(V)' 



First, we will calculate the Fourier-Jacobi expansion of the summands P(V)i for V £ . Let S 1 stand for the first 



entry in the vector 5 6 F 2 . Let tt be the projection from F 2 to F 2 by deleting the first coordinates {5\, e\) of 

= e := vr(e). We will use the known formulae for the Fourier-Jacobi expansion of theta 



5 and e. We will write 



constants, which look as follows: 



5, 



e 



1 5, 



z 

T 



Z 
T 



1=1 

-. 00 



z, r 



(3.7) 
(3.8) 
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As each component of the characteristics contained in V can be either or 1, and P(V) 2 vanishes if V contains any 
odd characteristics, we can distinguish three kinds of subspaces V: 



<L 



. Thus, expanding P(Vi) 



1. First, we consider subspaces containing only characteristics of the form e = 
for V\ of this type, using (j3.7|) . we get 

P{Vi)=\{e, + 2 q l l 2 Y J ^ itl 0e{r,z)We, + 2q £ e« + ^)e~ ei (r, z)6- e2 (r, z) JJ 9, + 0(g 2 ). (3.9) 



eeVi 



egV\ 



ei,e2GVi 
ei^e2 



For such Vi, the image vr(Vi) is totally isotropic, and therefore the space n(Vx) has maximal dimension 4. Because 
additionally the kernel of tt has a maximal dimension of 1 (only e\ can be picked freely), the e are necessarily 
pairwise equal, the corresponding pairs of e differing only in their e\. We denote by e* the characteristic which 
equals e £ V\ except in the component e\. The above consideration shows that e* is contained in V\. Unless 
e\ = &21 then, each term e±, e2 in the summation in the third term from f|3.9|) will be canceled by a ef , e2 term. 
Combining these facts, we can rewrite the above formula as follows: 



m)= n e i- 4 i e ^) n d i+°(i 2 )- 

eG7r(Vi) 



eSTr(Vi) 



5G7r(Vi) 



Expanding the square root then easily yields 

p(Yi)* = J] e- e 

eG7r(Vi) 



2 Q y: 



n ^+o(? 2 )- 



Finally, we use the heat equation for the theta functions, where 6™ is the Kronecker delta, 



d 2 e e 

dzidzj 



2m(l + 5ij) 



d9 P 



Or, 



to obtain 



(3.10) 



(3.11) 



(3.12) 



d 2 P(V l 



dzidzj 



2=0 



-4tu(1 + <%) ^ ^JI^ +0(g 

\ sort/. i Tl J ' 



eGTr(Vi) 



(3.13) 



Note that P{V\) is an even function of z and thus the odd partial derivatives vanish (up to 0(q 2 )). 



2. Next, we consider subspaces containing both characteristics of the form e 

1 6 

e 



5 
e 



and of the form e 



For these subspaces V2 (as well as for those under 3) below), every basis vector will appear in exactly half of 
the characteristics because V2 is a vector space over F2. Thus, if there is least one e such that 5^ = 1 we have 
exactly 16 e such that 5^ = 1, and for the other ones Se = 0. Therefore, using (|3.7p and (|3.8[) to expand all 
theta constants, we have 



P(y 2 ) = 2 1 V J] %(r,0) J] ^ 2 ( r ,|) + 0(g 



eiSV 2 

S$>=Q 



e2€V2 
S W = 1 



(3.14) 
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Similar to case 1) above, the e are pairwise equal and the corresponding pairs of e differ only in 5^. Thus, we 
end up with 



P{V 2 )\=2\ H 0e(T,O)0e(T,|) + O(g 
V e£n(V 2 ) 

Also, again using the theta heat equation, after a short calculation we find 
d 2 P(V 2 )^ 



dzidzj 



2=0 



= 24 z ^n^+°(* 2 )= 32 -a+<%) e |^n^+^ 2 

een(V 2 ) 13 v+e 



eG7r(y 2 ) 



(3.15) 



(3.16) 



Note that -P(V2) 5 is an even function of z and thus the odd partial derivatives vanish (up to 0(q 2 )). 
3. Last, we consider subspaces containing, in addition to characteristics contained in subspaces from case 2) above, 

. These do not have the simple pairings observed above, but we can 



characteristics of the form e = 



1 e 



still expand the theta constants and obtain the similar expression below, but it cannot be simplified as easily. 
This, however, will turn out not to be necessary for our purposes. The 16 factors of e mee together yield 1, and 
we end up with 



P(V 3 )i = 2 8 q 



II Mr,o) J] e~ e2 {T, z -) + o{ q 2 ). 



(3.17) 



For any genus g there will be at least 2 9 2 odd characteristics in -ir(y 3 ) when V3 is of this type. Therefore, we 
have 



dP(V 3 )-2 


_ d 2 P(V 3 ) 1 2 


^ d 3 P(v 3 ) l 2 


dzi 


2=0 3 


dz-idzjdzk 
2=0 J 







(3.18) 



2=0 



up to 0(q 2 ). 



3.1.2 The expression for G 



(5) 



Let V* be the subset of A^ containing all subspaces from case 3) above. Now, combining the results from the previous 
subsection, 



V e vdV 



+ E 28 



v 3 ev. 



. en 
\4i 



II ^ II 0e 2 (r,f) + O(g 2 ). 



eiSVij e2GV3 
L) -0 



(3.19) 



Because 7r(V), for V V*, is a totally isotropic element of A^\ and in fact the image \ V* under 7r is the set of 
all 4-dimensional totally isotropic elements of A^\ we can write the following: 

/ \ 



e (jn^-^|)-2- 7 E^n^) + E 

(4) \ V eeV " edV e veV ) V3GV* 



\ 



n n ^ 2 (r,| 



. eiGV3 e2€V3 
^=0 



+ 0(g 2 ). 
(3.20) 
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Also, this gives us 



,2^(5) 



& 2 G 



dzidzj 



06, 



dG 



(4) 



z=0 



And finally, as the contribution from all V3 £ V* will vanish in z = because 7r(V3) contains odd characteristics, we 
can see that 



G 



(1 + 224^) G^+0(q 2 ). 



z=0 



Note that, because the first terms from the expansion of G^\\) are 1 + 224 q, this is consistent with the factorization 
property for G g 9 ^ . 



(3.22) 



3.2 The expansion of $5 



(5) (5) 

We will now do the same for i?g as done above for G 5 , that is, take the Fourier- Jacobi expansion and calculate the 
Zi, Zj derivatives of the first terms. 

Note that as $ 5 (r)(s) : = X) Pl) ... )P 6 a s e 7 "^™) 7 * 1 , we can write 

A z l \ 

Z T J 

P i,..., P seA6 

The first term in the g-expansion is easy to obtain, and we will obtain the g-linear term as in [8J by writing 



E 



(3.23) 



F^ 9 \t, z) := ^2 e '"^J= lWjn3 ^ e 27r *Ef=iPPi2i (3.24) 



Pu...,p g e(D 8 ®D 8 y 



p-p=2 



Clearly, the norm 2 vectors are (. . . , ±1, . . . , ±1, . . . , 8 ) and (0 8 , . . . , ±1, . . . , ±1, . . .), where . . . denotes a possibly 
empty sequence of zeroes. There are 2 ■ 4 • ( 8 ) = 224 of those. 



Now the first terms of the series in q will be: 



(5) f A z l 



Z T 



4\r) + q F^{T,z)+0{q 2 ). 



(3.25) 



(3.26) 



Now we will express the ^-derivatives of the g-linear term from (|3.25|) . as done above for G^ . Because the 
norm 2 vectors are the same as those from D$, we can use the fact that 

Y (Pi ■ P)(Pj ■ P) = 2 $Pi ■ Pj, 

pe(D 8 ®D$) + :p-p=2 

which is mentioned and used in [8j. We then obtain 
(, ~ h " Yl e^J^™™ Y (^i) 2 (ppi)(ppj) = 28 • 2tt*(1 + 5 { 



dzidzj 



=0 pi,...,P4GA 5 



p-p=2 



dn. 



28 • 2vrz(l + <%) 



2=0 



dr., 



tj 

(3.27) 
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3.3 The final expression 



Let now, for brevity, and /} be denned by 

fig) . = #(9) _ Q (g) ( 3 28 ) 

/ (9) = /^ + 9/i (9) + 0(g 2 ). (3.29) 
We now develop as a function of s. Applying formula (|3.4p to and noting that /q 5 ^ = f^ 4 \ we have 

/ (5) (r,)=/ (4) (r ) + S |/fW)+E^^M ] +0(s 2 ). (3.30) 



' i.i 



Now, we expand this using (|3.6p . letting u := x(p) — x(g) for a local chart x. For brevity we write 

_ u 2 dujj(p) du}j(p) u 3 d 2 ujj(p) dujjp) 
bij 4 dx dx + 2 dx 2 dx ■ ^ > 

Remember that <Jij(p,q) = Sij + 0(u 4 ). Then, 

i<j V z * ^ T v J 



By (|3T2Tj) and (13371) we know that = 28vri(l + <%)^J-. This leaves us with 

f (5) (r s ) = /( 4 )(r ) + 8 ( 287ri ( X + %)^ 2 ^(P)^(P) + ^ + 0(u A )) + 0( S 2 ). (3.33) 

Now, let J*- 9 ) := — vf\ Because = | J*- 4 **, from [9j, we can rewrite the above as follows: 

3 3 s r) 7"( 4 ) 

/ (5) (r s ) = - J (4) (r ) + - -q^t (28^(1 + <fi>V(pH(p) + ^ + 0(u 4 )) + 0(s 2 ). (3.34) 

In [7J p. 16-17] Grushevsky and Salvati Manno obtain a similar expression for the degeneration of differing only 
in the numerical coefficients. They show that the uji{p)ujj(q) term vanishes and that X^i<j q t &ij cannot vanish 

everywhere due to the fact that is the Schottky form. We refer to [7j for details. This shows that /^(r s ) does 
not vanish everywhere. Thus, the above leads to the conclusion 

0(5) ^ G (5) ( 3 _ 35 ) 
when restricted to J7s, as promised. □ 

4 The trace of 

Here we will look at the trace of f^ 5 \ defined as ^ e /^[e], because it occurs in the cosmological constant and is thus 
of interest for the genus 5 measure. 
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The definition of a term /( 5 )[e] is as follows: for any semi-modular form / and for j e = f ^ ^ ) such that 



e, we have f[e] := (/L e ). Because / is a semi-modular form, /[e] does not depend on the 



2- 5 ^3720G^[e] = 2" 

e 


-3 J- ( 2 2 9 -6 _ 

e 


1) Gf[e}- 


2- 4 ^90Gi 9) [e 

e 


2~ 4 ^840Gif ) [e] = 2" 

e 


-2 £ ( 2 2g-4 _ 

e 


1) G«[ e ]- 


2~ 3 ^42G^[e 

e 


2- 3 ^168df ) [e] =2' 

e 


-1 J- ( 2 2 9 -2 _ 

e 


1) G[ 9 \e}- 


2- 2 ^18G^[e 

e 


2- 2 ]T 24 Gjf } 


[e] = £ ( 229 - 


-l)<#>[e] 





diag(A T C) 
diag(£ T L>) 
particular choice of 7 e . 

In [7] Grushevsky and Salvati calculate the traces of the forms Gp . They use a different notation: their Si is 
2~' J ^2 e Gi[e\. Here we present their formulae. Note that they are only valid for the G^ with p < g, because the 
others vanish identically. 

" " (4-1) 

(4.2) 
(4.3) 
(4.4) 

Because G®[e] = Of and Gf{e] = 91^0^ we see that £ e Gf[e] = ^Jf = <?7, and £ e Gf } [e] = 
(E e ^f) 2 - E e ^e 6 = ^6 - #7- Therefore, we have 

E G 5 5) N = |^(9504 5) - 7334 5) ) (4.5) 

e 

EGi 4) [e] = -y(224 4) -294 4) )- («) 

e 

From [8, p. 28] we learn that 

E4 9) N = 2 fl - 1 (4 5) +4 5) )- (4-7) 

e 

Combining the above facts, we obtain the following expressions for the genus 4 and genus 5 trace of /(»): 

£/W[e]=-£^jW (4.8) 

e 

E/ (5) N = ^^r iZj(5) - (49) 

e 

In genus 4 there are 2 3 (2 4 + 1) even characteristics. In genus 5, there are 2 4 (2 5 + 1) even characteristics. Because jto) 
is a modular form with respect to the entire modular group T g , its trace is simply the number of even characteristics 

( \ f C 5 } [el J 5 [el 

times J' 9 '. Note that / 4 [e] ^ ^ e j4 J - This fact will be used in Section [6] to obtain both a vanishing cosmological 
constant in genus 5 and a vanishing two-point function in genus 4; in [8] it was shown that it is impossible to do this 
using only the OPSMY forms while conforming to the other requirements for the measure. 

Remark. Note that if /^ 5 ) were to vanish on J7s, this would imply that the trace would vanish as well. Since 

J(5) 

IS 

not everywhere zero on J7s, see [7J, this gives a second, less explicit, proof of the nonvanishing of /^ 5 ). 
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5 The difference between and j( 5 ) 



Now that we know that does not vanish everywhere on J7s, a natural question which arises is whether this form 
is linearly independent from the already known modular forms on J^. By the factorization property for both the 
Grushevsky and OPSMY basis, we can eliminate all but one candidate. Because (from [9]) = ^J^\ we see that 

/ (5) (o ~)=4V 4) = ^ (4) - (5-1) 



Because vanishes on J74, the only form that factorizes similarly is J^: there are no other linear combinations of 
lattice theta series for which the restriction to J\ x J± C vanishes, and the other functions from the Grushevsky 
basis (i.e., G p for p < 5) can be expressed in terms of the lattice theta series in every genus. 

We will prove by a simple argument that /® and J*- 5 ** cannot coincide on the Jacobian locus J7s- Because 

£ /(5)[e] = 7^£ j(5)[e] ' (5 ' 2) 

e e 

if is a multiple of it must be equal to j^J^ 5 \ Looking at the degeneration found in section O 
/(5 ) = /(4 ) + 3 fi ^ 8_J^ f 28u2{1 + 5i . )<q)uM + «^(g)|^) 

i<j ^ 

+ y^^ +0{ui) y 0{ , y (M) 

we can compare it with the very similar expression found in [7J for the first terms in u in the s-linear term when 
taking the same degeneration for 

J( 5 ) = J<* + s £ ^ (30. 2 (1 + SvMqMq) + u^fo^fe) 



2 dx 2 dx 

Because 



-j^— u2 ^ 1 + = ( 5 - 5 ) 



/ (4) = ^J (4) , (5.6) 



formula (|5.3p differs from formula (|5.4p by a factor of |. Together, this implies 



7 

7-31 



3 • 17 

on J75 and therefore, /( 5 ) cannot be a multiple of everywhere on J§ 



/ (5) + J (5) (5.7) 
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6 The two-point function in genus 4 



Matone and Volpato show in [8] that it is not possible to make a genus 5 measure from the OPSMY forms that satisfies 
all requirements. To be precise, the degeneration to genus 4 yields a nonvanishing two-point function if the genus 5 
cosmological constant is made to vanish, i.e. requirement c) from the introduction is not satisfied. Therefore, one 

(5) 

may ask whether by combining these forms with G 5 one can construct a measure that does satisfy these properties. 
The answer is yes. 

In order to obtain the genus 4 two-point function from the genus 5 measure, we follow the procedure set by [8]. That 
is, consider Xjvs[(<5, e)] := \ [}] + -(s+i) ^ oj^ anc j con tract one handle from a family of curves, where then 

the term linear in the perturbation parameter will be the two-point function. As the argument from [8] is quite 
detailed, we will just look at what happens with the terms c jJ^ + Cffw which we would like to add to the measure, 
instead of —B^J^ 5 ' as originally proposed, where B§ is the coefficient of in the cosmological constant from the 
'plain' OPSMY ansatz. From the degeneration in the limit s — > 0, we obtain a surface with two marked points a and 
b, where the handle was pinched. Now, let v 2 {c) = diO*(0)tJi(c) for an odd theta characteristic * and define 

E(a,b):= (6.1) 

which is the prime form, see |llj . Let A2[e](a, b) be the two-point function. We will have up to a factor independent 
of e, in some choice of local coordinates, 

X NS [e] = sE(a, b) 2 A 2 [e]{a, b) + 0(s 2 ), (6.2) 

from |5]. For the OPSMY part of the ansatz we will stick to the notation from Matone and Volpato, that is, we will 
write Ofe for the lattice theta series, with a different numbering of lattices for k < 5, so that it is easier to compare 
the formulae. Here we present a translation diagram: 



[8] notation 


Lattice 


Our notation 


[8] notation 


Lattice 


Our notation 


e 


(D 8 e d 8 ) + 


tf 5 


G 4 


Z 8 ©£ 8 


i?l 






tf 4 


e 5 




^0 




t 1 e (e 7 © e 7 ) + 


tf 3 


e 6 


E 8 ®E 8 


#6 


e 3 


z 4 e 


#2 


e 7 




^7 



Let Nk be the number of norm two vectors in the lattice corresponding to Let c? k be the coefficient of @k in the 
OPSMY ansatz for genus g, where the same normalization as in [6] is used (c? is 2 4g times the coefficients from [3]) 
for easier comparison. 

We have, for the OPSMY ansatz, from [8], 

7 

X NS [e](s,n,z) = £c£(l + N kS + 0(s 2 ))e^[e}(n). (6.3) 
fc=o 

We will write 

X NS [e](s,r,z) = T [e](T,z)+s T 1 [e](r,z) + 0(s 2 ). (6.4) 
Note that Eg (BE$ and contain 480 norm 2 vectors and (Dg ® Dg) + contains 224 of them. Also, the s-linear term 
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from G { 5 5 \ formula (13^2l . equals 244<^ 4) in z = 0. Therefore, we have 

5 / o5 



(6.5) 



r o [e](r,0) = E c5 rf } [e] + cJ« + c,/« = ( Cj - ^) +C/ /( 4 ) 
fc=o ^ ' 

ItfeKT.O) = 128Hg^ My [e](r) + ^SOcj - 72 ° ^ ' 3 ) + 224 C/ /( 4 ) (6.6) 



As s — >• 0, we get 



XArsN = ^27r^(a,6)V(aH(6)(l + ^(cj - ^) ^ + Cf^^j + sT[%](t, A ab ) + 0{s 2 ). (6.7) 

Calculating Ti[e](r, A a (,) from T]_[e](r, 0) can be done using the fact that T\[e\ is a section of |20|, because it is 
composed of quasiperiodic forms. Here O is the divisor of 6q(z). Matone and Volpato prove that from that fact it 
follows that 



Ti[e](T,A ab ) = E(a,b) 2 ( Ti[e](r, 0)u(a, b) + ^^a i d j T 1 [e](T,0)ui i (a)u j (b) \ . (6.8) 



Prom [9] , we have = | J^ 4 ) which is the Schottky form and vanishes on J^. Thus we have T\ [e] (r, 0) = 128 Sq] 
on the Jacobian locus. Then, we get 

A 2 [e](a,6) = 128S( 4 )[e](r)w(o,6) 

2 5 -3\9J( 4 ) 9/( 4 ) \ 1 



OPSMY 



+ |>(aH(6) ^27ri(l + dy) ^ Cj -^p) ^_+ C/ ^_j + I^ Tl (4) [e](r,0)j . (6.9) 



Denoting by /} the s-linear term from the s-expansion of , and using the functions 

^(r,«):= ^ e «E^-=iWPjr« g^ELjft^i ( 6 . 10 ) 
pi,...,p 9 eA fc p-p=2 

we end up with the modified formula 

^•if [e](r,0) = flfcfl, fec|F( 4) [e](r,0) + CJ (f 6 (4) - F 7 (4) ) + C/ /f } ) . (6.11) 

\fc=o / 

Here, Matone and Volpato introduce the coefficients s 9 k and tf, defined by the following formula: 

^•cf 1 F^ ) [e](r,0) = 2^(1 + ^^^[e] - log ^[e](r,0). (6.12) 

Continuing the process from [8], and noting that /j has the property that q z _q z . = 28(27ri)(l + <5ij)-g^— (see formulae 
(T3T2TT) and (ET271) ). we then get 



d ' " 



E4®1 4) NH ] ^log^[ e ](T,0). (6.13) 



v/c=0 
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And further following the calculations from [8] the first term in big brackets can be written as 



E4®i 4) NW + 60c/ + 28 C/ /( 4 ) = 32H( 4 )[e](r) + ( 60c j + - 



fc=0 



3 • 28 



7 



- c f 



152 • 2 5 • 3 
7 



jW. (6.14) 



So, having carried the modified H through the degeneration, we end up with a slightly different two-point function, 

4 

A 2 [e}(a,b) = 128Z (4) [e](T)oj(a,b) +J2 UJ i(a)uJ j (b) [-128~ (4) [e](r)$0j log 6>[e](r, 0) 



+2 ^(1 + jy) JL f 16H « [e](r) + f {30 + i) Cj + ( 6 + l) C/ - (76 + 1 j" 25 - 3 ) J« 



The last step of the procedure from [8] is to sum over even characteristics. This procedure yields, finally, 

/ 2 5 3 \ 4 d 7^ 

A 2 [e](a, 6)j 4 2 3 (2 4 + 1) f 16B 4 - 8D 4 - 77—- + 31cj + 7c, J ^w i (o)c; i (6)27ri(l + ^)——. 



So, to make ^ e A2[e](a, b) vanish, we would need 



2 5 -3 2 7 -3 2 6 -3 3 -5-ll 



31 Cj + 7 C/ = 77— + 8- 7> )7 



7-17 



(6.15) 



(6.16) 



(6.17) 



The genus 5 cosmological constant from the 'plain' OPSMY ansatz, that is, without the —B^J^ 5 ' part, equals (again, 
see 0), 



££cEe fc [e] = -2 4 (2 5 + l)^j( 5 ) 



e k=0 



From Section [H we have for the trace of /^: 



J2f { %] = 24 ' 3 -'~y i7 j (h) 



7-31 



(6.18) 



(6.19) 



Because Eg © Eg and Df 6 are even lattices, they are invariant under modular transformations and therefore 



£j( 5 )[e] = 2 4 (2 5 + l)j( 5 ). 



(6.20) 



Thus, to make the genus 5 cosmological constant vanish we would need 

a , e . 2 4 • 3 2 • 11 • 17 *, . ,2 5 • 17 

2 4 (2 5 + l)cj + — c f = 2 4 (2 5 + 1) yt^. 

Combining the above linear equations (I6.17P and (I6.2ip . we find the solution 



222647008 



cj 



217 



77245568 
17 ' 



Hence we present our main formula: 



- •— -oPSMy 217 



222(5 17008 j(5) + 77245568 (5) 
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(6.21) 



(6.22) 



(6.23) 



and the above amounts to proving our main result: 



Theorem 6.1. H is the unique linear combination of known semi-modular forms of weight 8 that yields both a 
vanishing genus 5 cosmological constant and a vanishing genus 4 two-point function. 
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7 The situation in genus 6 



Here we take a brief look at the current state of the ansatze in genus 6 and the possibility of improving it using our 
findings. 

Let E^ be the Grushevsky ansatz for genus 6 (see [6j Th.22]). Then, define 

E^:=E^ + k 6 f^+l 6 J^. (7.1) 
For genus 6, the factorization condition gives 



lE^EW + E^(k 5 f^ + l 5 J^) (7.2) 
and as G^ = &jp , S« = \ (g^ - d$\ and 4 = = E e Gjp[e], this implies 

hG?[e] + Ze^G^V] = kh + h) (^[e] - G^[e}) (7.3) 



and that implies k$ = Iq = k§ + 1$ = 0. By theorem 16.11 and equation (I6.23P we have k$ + 1§ ^ 0; so if we want both 
the genus 4 two-point function and the genus 5 cosmological constant to vanish, this cannot work. 

We conclude that to satisfy the factorization constraint in genus 6 while using the proposed modification in genus 5, 
one needs a new form that degenerates in a way that solves the above problem. 



8 Conclusion 



We have solved the problems posed in [9] and [8]: to compare the remaining two forms from the OPSMY and 
Grushevsky ansatze and to use them to make vanish both the cosmological constant in genus 5 and the two-point 
function in genus 4. 

More precisely, we have shown that combining the two not previously compared forms from OPSMY and Grushevsky 
yields a form that cannot be expressed through the others. We have used this form to construct a slightly modified 
version of the OPSMY ansatz for genus 5, which does not only have a vanishing cosmological constant in genus 5 but 
also a vanishing two-point function in genus 4, as obtained from degeneration. 

We have looked at the behaviour of this form in genus 6. We found that there is no way to satisfy the factorization 
property using our modified genus 5 ansatz and a genus 6 ansatz constructed solely from the currently known semi- 
modular forms of weight 8. 

Thus, there are two possibilities: either there are more semi-modular forms to be found, perhaps forms that, like the 
higher genus forms from Grushevsky, live only on the Jacobian locus. Or, it may be that the conjecture that the NSR 
measures can always be expressed in terms of semi-modular forms is wrong, and breaks down at genus 6. 
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